Some Hints on Track Circuit Calculation.

By Ture Hard,
Chief Engineer for Signals, Swedish State Railway, Stockholm.

he solving of track circuit problems by considering

the circuit as a series-parallel circuit with uniform-
ly distributed constants is not a new idea. The method
of calculation described by Harold Mc Ready in his
book "Alternating Current Signalling” is based on
this principle and is now generally used for practical
purposes.

The method presented below is also based on this
same principle but differs essentially from the former
method with respect to the practical treatment of the
problem.

The newer method is practicable for both direct and
alternating currents and allows a mathematical treat-
ment to be used throughout. The comparison of dif-
ferent track conditions and apparatus is easier, and
the effect of shunting can be more readily calculated.
A method of calculating the rail impedance and the
ballast resistance from practical tests on track circuits
can be based on the same fundamental principles and
is described in the following.

General assumptions.

A track circuit, the general arrangements cf which
are shown in fig. |, may be considered as a power
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distribution system in which the line wires are the
rails which transmit power from the track transformer
or the battery to the track relay.
The leakage resistance of the ballast is considered
equally distributed over the whole length of the track.
The capacity between the two rails is considered
negligible as compared with the ohmic leakage. At

every point of the track, therefore, the current through
the ballast is in phase with the voltage across the rails
at that point.

The self inductance of the rail must be taken ints
account by using values obtained from actual measure-
ments on track circuits.

In the equations and formule presented below the
following notations will be used. A letter in bold-
faced type signifies a vector or complex quantity.
When such a letter is met with in an equation or for-
mula, the phase angle must be taken into consideration.
If regular type is used, this means that only the
magnitude of the vector or quantity is to be considered.
Phase angles are denoted by capital letters.

z=Rail impedance in ohms per 1000 feet of
track.

r = Ballast resistance in ohms per 1000 feet of
track.

Z = Phase angle of the rail impedance z.

I = Length of track circuit in thousands of feet.

e = Volts between rails at relay end.

i = Amperes in rails at relay end.

p= Volts between rails at feed end.

u= Ampéres in rails at feed end.

Fe, Fp and Fu = Phase angles of €, p and u with

respect to i, which is taken as the axis of re-
ference.

In the equations and diagrams below, the angles
are reckoned positive in the counter-clockwise direc-
tion. The phase angle of an impedance is considered
positive when the current lags after the voltage.

Ceneral equations and formule.

With the foregoing assumptions the following equa-
tions can be shown to represent the conditions prevail-
ing in the track circuit

uz(i + eg)c e (D)

p=(e+iab)yc .. ... .....(2)
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where

a, b and C are complex quantities, whose magni-
tudes a, b and ¢, and phase angles 4, B and C, can
be calculated from the following formula

a=Vrz (3)
Z
A= g ...(4)
b — ‘/cosh 2m-—cos 2n (5)
cosh 2m + cos 2n
sin 2n
B = arctg slnh 2m ........................ (6)
c= ‘1.2\/cosh 2m + cos 2n ............ (7)
C=arctg (tgh m X tgn)..cc....c....... (8)
where

m =f\;‘fi cos 4 and n = I\/f sin Z.

o 2 r 2
From the formula (3) it is clear that the value of
a is independent of the length of the track circuit, and
for a given track proportional to the square root of

the ballast resistance.

Further, from formula (4) we find that for a
given track the phase angle A4 is constant and equal

to the half of the phase angle Z of the rail impe-
dance.

From the formule (5), (6), (7) and (8), lastly,
we find that b, B, ¢ and C are functions of the quant-

ity l\/z and the phase angle Z. With the values
r

of I, r, z and Z given, the values of b, B, ¢ and C
can be calculated with the aid of tables for trigonome-
tric and hyperbolic functions available in most en-
gineering handbooks.

To illustrate the variations of the quantities b, B, ¢
and C, the curves in fig. 2 have been plotted in the
following manner.

The values of b, B, ¢ and C have been calculated

for a series of values of l\,ﬁf and Z. For each angle
r
Z curves representing b, B, ¢ and C have then been
plotted by using the values of / \/Z as abscissae and
r

the corresponding values of b, B, ¢ and C as ordi-
nates.

The curves for b and ¢ for Z = 0 apply to direct
With Z = 0 the value of B and C is zero.

If plotted with sufficiant accuracy, the curves can
be used to determine the values of b, B, ¢ and C for

current.
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any value of f\/f and Z by seeking the ordinates ' i+ e :—: is then found by adding a vector of the
r

corresponding to the given abscissa [ \/z and phase
T

angle Z. When the given angle Z lies between two
of the phase angle values for which curves have been
plotted, the proper ordinates b, B, ¢ and C may be
determined by means of interpolation.

Example 1.

Track circuit, 5000 feet long.

Ballast resistance, 6 ohms per 1000 feet.

Rail impedance, .31 ohms per 1000 feet of track
at cos Z — .68.

Hence I=5; r=6; z=.31; Z=47°.
Thenf\/? =1.14; a=1rz=1.36; 4 =§ = 235

From the formulz (5), (6), (7) and (8) or from
the curves in fig. 2, we obtain

b=86; B=11.5% ¢=153; C=21".

Calculation of the current and voltage at the

feed end.

When the magnitudes of a, b and ¢, as well as
the phase angles 4, B and C, are known, it is pos-
sible from the equations (1) and (2) to determine
the voltage and current to be used at the feed end
of the track circuit in order to maintain a given cur-
rent and voltage at the relay end.

The determination may be accomplished either gra-
phically by plotting vector diagrams, or analytically
by means of vector algebra.

is shown in fig. 3.
The current 1 1s laid off along the axis of reference
(Fi=0). The vector representing the expression

b .
length e a to the current vector 1 so as to form an

angle Fe — A -+ B with the axis of reference.
The magnitude of the current vector u is obtained

by multiplying the length of i + eg with the fac-

tor c.
The phase angle Fu of the vector u is determined

by revolving the vector i + ef: the angle C.
The graphical solution of equation (2)
p=(e+iab)c

is shown in fig. 4.

The vector ¢ is drawn at an angle Fe to the cur-
rent vector 7, which, as in fig. 3, is the axis of refe-
rence.

The second component i a b of the expression
e+ iabis laid off at an angle 4 + B to the
reference axis.

By multiplying the length of the resultant vector
e+ iab with the factor ¢, and revolving this vec-
tor the angle C, the vector p is determined as to magni-
tude and phase.

The magnitudes p and v and their phase angles Fp
and Fv may also be determined by solving the vector
equations (1) and (2) analytically. For this pur-
pose the equations should be written in the following
forms where the letter j signifies the imaginary compo-
nent of a complex quantity and E the base of the
Naperian logarithms.
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u EiFu— |',- + eéEi-Fe—A-{—B}.I e Bi1e:

= li+e£cos(Fe— A+B)+

+je Sain (Fe---A+B)"cE*C.

pEP — [¢ EF +iab EIA+B] ¢ EIC =
=le+iab ENAtB-F)| ¢ EilC+Fe —
=[e+iab cos(A4+B— Fe) +

+jiab sin(A+B — Fe)] c E/(C¢HF,
HBI'ICE

i

u =cv ||'+eicos(Fe—-A +B)|L +

eb sin (Fe—A+B)r =

a

+

e V'*(“’i) + 2iel cos(Fe—A+B) ..9)

a
p=cVle+iabcos(Ad+ B Fe) +
+ lia bsin(A+ B—Fe)|*=
—=c Ve’+(iab)*+ 2 ieab cos (4 + B— Fe)(10)
ez- sin (Fe— A + B)

: 4 C.......(11)
i+eECOS (Fe—A+ B)

Fu = arctg

iabsin (4+B— Fe)

etiabcos(A+B— Fe)+C+Fe.,.(12)

Fp = arctg

Example 2.

Let us use the track circuit described in example 1,
and assume the current through the relay to be 1 amp.
at 1.78 volts between the rails, and lagging 25° be-
hind this voltage.

We have then 1 = | wvolt; e = 1.78 wvolts;
Fe=25; a=1.36; A=23.5% b=.86; B=11.5%
c=153; C=21"; Fe— A+ B=25 —235"+
+11.5=13344+B—Fe=23.54+ 11.5—-25=10".

Hence, from the formule (9), (10), (11) and

(12)
u—=153x \,ffl +( 178 x |8§

+2x1x1.78x

X IB;;) cos 13°= 3.22 amp.

p=153%xV1.78+ (1 x .86 x 1.36)* + 2 x | x
X 1.78 x .86 x 1.36 x cos 10 = 4.50 volts.

1.78 x | s

8 ; -
Il3t,-)><sm 13 )
Fu=arctg—— 86 ’+2|”=28‘.
1 4+ 1.78 % I' 36 X cos 13°
e I x 1.36 x 86 x sin 10°
P=arct® 98 11 x 1.36 X .9% cos 10°

+ 21° 4 25° = 509,

If the voltage ¢ at the track transformer secondary
is given, the voltage drop v in the limiting resistance
or impedance between transformer and track can be
obtained as shown in fig. 5.

R BR2 Fig. 5.

After plotting the vector p at an angle Fp to 1, the
vector v representing the voltage drop 1s laid off at
the proper phase angle to the current u and is extend-
ed so that the resultant of p and v becomes equal
to the given transformer voltage 1.

Influence of a shunt between rails.

It is now easy to determine the influence on the
track circuit of the application of an impedance of
any sort across the rails. Let us assume an impedance
of the magnitude d and with a phase angle D to be
connected across the rails at the relay end.

The current u, and voltage p, necessary at the feed
end to maintain the voltage ¢ at the relay end after
applying the shunt d may be expressed by the follow-
ing vector equations

!

oy & b .. b e e
H;—(I+a+e;)c—(l+eé)c+acuu+ac(l3)
' - : e
p|=|e+(1+aach=(e+Jab)c+aabc=

e
=p+&abc ............................................... (14)



From the expressions (13) and (14) it follows
that the current u, is obtained by adding to the current

; e :
vector u a vector of the magnitude — ¢ making an

d
The

angle Fe + C — D with the reference axis i.
graphical construction of equation (13) is shown in

fig. 6.
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Likewise, the voltage p, can be found by adding

v e
to the voltage p a vector of the magnitude 49 b ¢

making an angle Fe+ A4 4+ B+ C - — D with the
reference axis i. The graphical solution of equation

(14) is shown in fig. 7.

—
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The solution of equations (13) and (14) may
also be carried out analytically. The equations should
then be written in the following forms

w EiFn= y EiFu zc Ei(Fe+C- D)

pEiFp= p Eife 4 %a b ¢ EilFetA+B+C—D)

Hence
u = V ucos Fu + E,c cos (4!‘:’£=+C—D)I~ +
+ [u sin Fu +3c sin (Fe + C — D)]ﬂi )

pl=\/[pcost+§abcc03(Fe+A+ B+ C—D)IL t

e

29 bcsin(Fe+ A+ B+ C—D)r(lﬁ)

+ lp sin Fp +

e

u sin Fu + 4°€ sin (Fe+C— D)
Fu, = arctg T (17)
u cos Fu+f—fceoe (Fe+C—D)
Fp, = arctg
p sin Fp + abcsin (Fe+A+B+C—D)
—— (18)
p cos Fp+ 506 ccos(Fe+A+B+C—D)
- é’-“’
o i
ST
“-‘-_‘H-““'d(—/
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In fig. 8 is shown the graphical determination of
the hypothetical transformer voltage t, corresponding
to the voltage p,, the current u, and the given limiting

: v
impedance i between transformer and track.

. Vv
After plotting the vector P the voltage drop — u,
u

in the limiting impedance is laid off at the proper angle
to the current u,. The resultant of p, and the drop
vector represents the hyothetical voltage t,.

If u, p and t are values actually existing with the
track clear, it is obvious that p,, u, and {, cannot
be the real values to be expected on applying the shunt
d. Since the voltage ¢ at the track transformer secon-
dary remains practically unchanged after the applica-
tion of the shunt, it is obvious that the voltages and
currents actually existing in the track circuit with the
impedance d connected across the rails will be found
by reducing the values p,, u;, ¢ and i in the propor-
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Calculation of the rail impedance and the ballast
resistance from “short circuit” and “open
circuit’” values.

Let us consider a case where the relay end is short
circuited, so that the voltage between the rails is zero.
From equations (1) and (2) we obtain

H;:f;(’.’
s = f.u a b C

where u, and p, are the current and the voltage at
the feed end and i, is the current at the relay end
when this latter is short circuited. Dividing the equa-
tions we obtain



‘p’ =38 b

us

i 19)

If S is the phase angle between p, and u, then

= A + B.

Assuming that the circuit is broken at the relay ter-
minals so that no current passes through the relay end,
then i = 0.

From equations (1) and (2) we then obtain

b
Uag=E€p-C

a
Po—€o C

where u, and p, represent current and voltage at the
feed end, and e, the voltage at the relay end when
the track circuit is open at the relay end.

Dividing the equations, we obtain

po_a

u, b

If O is the phase angle between p, and u, then
Q=4 -8B

From equations (19) and (20) the following
formule can be derived

e (20)

. {ps Po
“"me e (21)

bl

. 'Ps Uo
b'*'\/au 5 —_——
A:Séommmmmemwwmmmuﬂ
B:S;O“mmmmmmwmemmwu@

From formula (4) we get Z = 24.

Hence Z =S - O, which means that the phase
angle of the rail impedance is equal to the sum of the
phase angle between current and voltage at the trans-
former end when the track circuit is opened at the
relay end, and the phase angle between current and
voltage at the feed end when the track is short circuited

at the relay end.
The formule (5) and (6) may be written

9

cos 2n=:;i;cosh 2m

cosh 2m =V 1+ cot? B—cot’ Bcos’2n

N . .
By putting ;—,. — k and solving the equations
1+ b

we obtain
|

cos BVE*+tg*B

cosh 2m=

k
e U 26
cos BYk*+tg’B (26)
With the aid of the formule (25) and (26) the
values of m and n can be calculated if the values of
k and B are known.
Previously, we had

cos 2ﬂ =

m=1 vf cos ZZ and n=I \/f sin f
Therefore,
Y
e 2 m
\/;__ _ m _ n
2 fcoszz [ sin ZZ

Further, from the general formula (3) we know

that Vrz = a.
The following formule will, therefore, give the
values of the rail impedance and the ballast resistance.

iy O (27)
1'::0552 l a!in2
afcos‘ZZ afsinz-
r= or : O CTLCAOR, () )
m n

Method of testing.

In fig. 9 is shown a method of obtaining the values
of p,, u, p, and u, and the phase angles O and S
with the aid of an ammeter, a voltmeter, and an
instrument for measuring phase angles between currents.

Fhase Meler
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For measuring the phase angles, a power factor
meter of special design has been employed. The in-
strument has two separate current coils, one of which
(number one) has an impedance of .6 ohms at 50
cycles and is connected in series with the ammeter.
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The other current coil (number two), which has an
imdepance of 16 ohms at 50 cycles, is connected
across the rails in series with an ohmic resistance of
about 100 ochms. To each one of the current coils
belongs a tension coil (number three). Both of these
tension coils are connected to the same auxiliary volt-
age, for instance the primary of the track transformer.

The instrument has two scales showing the phase
angle between the auxiliary voltage and each of the
two currents. The difference between the indicated
phase angles will give the phase angle between the
currents passing through the current coils. As the
phase difference between the current and the total
drop in the branch consisting of coil 2 and a resistance
in series is known, it is also possible with the aid this
instrument to determine the difference in phase be-
tween the current through the ammeter and the volt-
age across the rails.

In order to obtain the correct values of u; and u,
the ammeter readings u,, and u,, should be corrected
so as to allow for current passing through the volt-
meter and the phase meter coil in parallel with the
voltmeter. Likewise, it will be necessary to correct
the phase meter reading S, as shown in the following
example.

Example 3.

Test made on a track circuit fed with a 50 cycle
alternating current.

Length of track circuit, 5000 feet.

Weight of rails, 40.5 kg. per metre.

Length of each rail, 10 metres.

Bending by means of copper wires welded to the
rail head.

M casurements with track circuit open.

_ Readings,
p, = 8 volts (resistance of voltmeter = 500 ohms).
u,, = 2.60 amp.
O — 6° (impedance of phase meter coil and resist-
ance connected in series across the rails —
110 ohms at a phase angle of 14°).

Current taken by voltmeter 902% = .016 amp.

Current taken by phasemeter f, =|B = 073 »

10

Corrected according to the diagram in fig. 10,
u, = 2.60 —.016 —.073 =2.51 amp.

— 15
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t'ao

M easurements with the track short circuiled at

relay end.
Readings,
p, = 3.90 volts (resistance of voltmeter — 100
ohms) .

u,= 3.75 amp.
S, =54.5" (impedance of phase meter coil and

resistance =— 110 ohms at a phase angle of
14°).
3.90
Current taken by voltmeter, Vs = 100 — 039
0
amp.
Current taken by phase meter, f, = 3]'?3 = .035
amp.
Corrected according to the diagram in fig. 11.
u,=3.75— .04 X cos 545 —
—.035 X cos(54.5 — 14") = 3.70 amp.
S =545+
.04 % sin 54.5° + .035 x sin 40.5 G
o 370 x 3.14 x 180 =55
/%° /
\\/
% e
Us =
o \usr )
R @88 Fig. 11,

Hence, from the formule (21), (22), (23) and
(24)

390 8.00
@= V 370 % 251 — 8¢
390 251
b=V 370> 800 =7
A=P*6 _ 45
2
B= 552_-6 = 24.5°



1 —b? l.—33

Further, b = I+5 = 133 =.50 and from
the formule (25) and (26)
cosh 2m = ———,I————— = 1.62
91 x V.25 + .21

cos 2n = .50 x 1.62 = .81
2m = 1.06; m = .53.
2n=135.45"= .62; n= .3I.

Z 3 - Z 5 210
tg 2= 53 = .59; B =30.57. L =861%

This value of Z coincides with the value of Z
which is obtained by adding up the phase angles
§=55° and O = 6°.

Finally, from the formule (27) and (28) we
obtain

1.84 x .53

275 % cos30.5 =23 ohms

1.84 X 5 x cos 30.5 -
= 53 ~ = 15 ohms.

Example 4.

Track circuit, 5000 feet long, fed with direct cur-
rent.

Open circuit test.

po=1.10 volts (voltmeter resistance = 690 ohms).
u,,=.450 amp.
& = .450 — Lo 448
orrect u, = . 690 ~ - amp.
Short circuit test.
p, =.43 volts (voltmeter resistance = 690 ohms).
u,,=2.50 amp.
43
Correct u, = 2.50 — 690 — 2.50 amp.
Hence,
43 1.10
a=V 250% 4a8
43 448
b=\ 3> T =2
| — .07
k= N .87.

Since B—=10,cos B= 1 and tg B—= 0.
|

Hence, cosh 2 m = k = 1.15
2m=— 54; m— 27
. ?27 =035 ohms per 1000 feet.
Frs '65'2’; D oo 1o per 1000 far.
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