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In Ericsson Review Mo 2 1947 the author commenced preseniing a method of com-
puting frack circuits with variable leakage. Shunt line equations were deduced for
tracks shunted at the relay end or at the feed end. In the present issue the authar
proceeds to show how the method may be applied to track circuits with variable supply
voltage. A numerical example is worked out. Shunt line equations are deduced for
a modified arrangement of the track circuit and also for an arbitrary point on the

track circuit.

The variation of the shunt conduclance clong the track during different conditions is
analyzed with the aid of the shunt line equation. The possibility of building very long
track circuits is also discussed. Finally is shown with the aid of the shunt line equa-

tion how to dimension the track relay.

V. The Influence of Varying Supply Voltage'
I the local current varies, this must be taken mnto consideration when the
couations for the operating and release civeles are deduced. Assume that one
aperation occurs when the local current has the value 7, and that anothe
operation or a release oceurs when the Jocal current has the value I7, . The
ratio hetween the Tifting forces in section T (page 38 in Ericsson Review No
2{19471 will then take the form:

i k Ip || Tpe|sin @

r“., ,".-I.. Ly | Tre | sin (g 4+ ¢y)

IT we write
g ky
q4n ke f;_.
A swnlar release civele equation as in section T may be deduced with, however,
[* exchanged for f.
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The radine and the coordinates of the centre of the release cirele thus must
he multiplied by the factor Iy /Iy or rather E% (I, , where g stands for
the local phise voltage durine an operation of the relay and E', the same

voltage during a release.

Stutlarly the radins and the centre coovdinates of the operating cirele must

he multiphicd by the factor £ £ m order to account for a varying local
voltage, Here HZIJ, 1= the local ]Ih:l-l_‘ \'nh;[;_.{l_' at Iiu_‘ second ||]|t_-]':l[irlll.

! The modified track circuit with the feed impedance placed between the feed trans-
former and the track will be treated in section VII



Fig. 11 X 6320

Correction for voltage variations

A
B

not corrected operaling circle

operating circle corrected for a 207, increase
of the local phase vollage

not corrected release circle

release circle corrected for a 20, increase of
the lecal phase voltage

not corrected shunt line

shunt line corrected for a 33 ", increase of
the track feed voltage

In the deduction of the shunt line cquation the track feed voltage [ owas
assumed to be constant., IT this 15 not the case the factor £ cannaot be eliminated
when the equations (4) and  (3) are divided by cquation (6). The right
members of the equations (7), (8), (10) and (1) thus will contain the
factor #H/E" in which £ and £ are the track Teed voltage values at two
different occasions. At the former occasion the track is supposed to he
open (e, G =01, At the latter the track s shunted. If £ s larger than E
the factor k|

as its distance from the origin will shrink in the same proportion:

ts less than 1 and then the length of the hant line as well

Fig. 11 shows two shunt lines, £ and F. One, £, refers to a constant track
feed voltage. The other one, F, has heen corvected for a 33 % increase of the
track feed voltage, i. ¢. the voltage £ =1.33 . The length of I is then
reduced to 75 % of the length of £ and its distance from the origin s also
75 % of that of E. Fig. 11 also contains two release circles € and /7 and two
operating cireles A and B, The circles A and ¢ refer to constant local phase
voltage but the circles B and [} are corrected for a 20 % increase of the
local phase valtage. For the release circle this imerease is measured between
an operation and a release of the relay. For the operating circles the mcrease
is assumed to have taken place between two operations of the relay.

The correction may, however, he simplified as shown in Fig, 12, Instead of
one corrected and one original shunt line, only the latter, designated [, 1s
drawn. This line will now also represent the shrunk shunt line in a coordimate
system which has been enlarged to correspond to the shrinkage i Fig 11,
The units in this system are marked with underlined figures, In this enlarged
system the circles .4, B, ¢ and 1) are drawn. Measured in the units of the
original coordinate system the operating civele A and the release cirele € are
now corrected for an increase of the track feed voltage, The cperating circle £
and the release circle D have in addition to this been correcte] for an ancrease
of the local phase voltage. For the sake of completeness the uncorrected
civeles ; and H are also shown.

This procedure makes for greater clarity, as one amd the same shunt lme
determines the behaviour of the relay for all different voltages represented

by the various operate and release circles,

In the fictive example shown in Fig. 12 the voltages are assumed to have
been increased, When computing a track circuit 1t 15 likewise preferable to
make the original civeles refer to the lowest voltages, Then a number of
corrected circles are drawn s required  for determiming  the release and

operating shunt conductances at the normal and the highest voltages.

19



Fig. 12 X B321

Simplified correction for voltage variations

A

c
B

0o

operafing circle corrected for a 33 7, increase
of the track feed vollage

corresponding refease circle

operafing circle corrected for a 33 Y, increase
of the track feed voltage and @ 20", increase
of the local phase voltage

corresponding release circle

not corrected operating circle

nol corrected release circle
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VI.  Numerical Example

Take the case of a track circuit of 2 km length, The frequency is 50 ¢fs, The
rail impedance 15 064 O 151:"' per km. The leakage varies between zero and
1.0 mho per km. The maximum leakage may, however, be cither a pue con-
ductance or composed of a pure conductanee and a capacitive susceptince

with o resulting 437 phase angle. The relay has the following data:

Local phase voltage 220 V
Local phase current o.zrz A
Local phase impedance 1040 o |74".

Track phase operating voltage 5.6 V
Track phase operating current 0.190 A

Track phase impedance 29.5 <> |72%

== z0;

The relay transformer and the track feed transformer have the swme vidues
ol no-load resp. short-circuit impedances, measured on the track side:

Zip =&pr = 0.2Tn llz"

Zop—"=Zsr = 30 L1 |55

The step-up ratio of the relay transformer is 4 : 1.

The feed impedance shall consist of a pure resistance connected to the supply
side of the feed transiormer and so dimensioned that the combined impedance
of the feed transformer and the feed mupedance shall be numerically equal
to the mmpedance of the relay transiormer with attacher] relay, both impedances
being measured from the track side.

The track feed voltage amd the local phase voltage both vary with £15 %
of the nominal value.

The shunt values by different leakages and varving voltages <hall e computed
aned also the power demand of the track cirenit and the step-down ratio

required for adapting the track feed transformer to a 220 \' supply voltage.

Out of the given values may be computed
1

e |aas - TR e . . -
—45 29.5 |72° = 1.85 -,L‘,- and .’;,.,_-Iw = 4+0.19 = 0.72 A

RS




Zpa = 185 |7z° 4 0.2 ]r_:’ = 1,85 (cos 72°- 7 sin 72°) 4

4+ 0,2 (cos 12° - fsin 12°) = o.571 71.76 + 0.195 L) 0,04 =

= 0.766 -+ 7 1.8 = 1,05 (1 |66."0

1.85|72°

—— =1} 0.06 | 17° =~ 1,06 | G

B=1 --1- =
39|55

The impedance of the relay transformer with attached relay will be

Za 1.95]66%0
= ——— =~ 1,84 .0 |667
B 1.0611"

The mpedance of the track feed transformer with attached feed nnpedance 1<
Zr, . Zn
- -{-' and shall have the same numerical value as -;:‘

A triad computation gives Z . = 1.7 2 (real)

bor Zpgr= 1o [12° 22 1,90 |1%2

A = —_— - [z°
L=f= o 55 = 1.o4[3
- 1.9 |1°.2
g ‘—Z—Id — — = 183 I4°
A 1.04 |3° 2

which well satisfies the desired conditions,

In order to determine the shunt lines the line constants ¢, Z, and ), must
be computed for a number of varying leakages say o, 0.5, 1.0, 0.3[45% and
.0 '45° mho/km.

write ps = ffs 4 jos then
C = coshys = coshfis - cos aqs -+ sinhﬁs «5in @s
siuhys = sinhﬁs fCosSgSs ] COshﬂ 58N s

sinh ys

tghys =
gy cosh Y s

The computation is carried out for the case when the leakage cquals g + je =
= 1.0 mho/km.

ps = 2\/0.64 |5u"'- 1.0 = 1.6 (2075 = 1.39 4 ] 0.788
“.t Ps = 1.39 and x5 = 0.788 radians or 45°.1.

A table gives cosh 1.39 = 2.1320 and sinh 1.30 — 1.852¢9
©. cosh s = 21320 -c05 4571 + j 1.8820 +sin 45°.1 =

(cos 45°.1 and sin 451 may be read on a shde rule

= 1.505 -+ j 1.34 = 201 |41°.y

Now we mayv calculate s-‘.ims — 2.01 [487.6 and

tgh Ps =10 [ERe]

The charactenistic impedance of the line

0.64 |59
e \/__] — =8 .0x 3('.'_'_5
1.0

.+ The short-circuit impedance of the hne

Z;‘. = D.S

20°5 - 1.0 6”.0 = 0.8 2. |36%4 and
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The no-load admittance of the line

o

1.0 l 6%,

The following table gives the computed values of the line constants for the

five assumed values of the leakage.

[ e | Bt TWE Z & ‘ & | %
| case o g - | e | o mhao
1 I o !' oo , 1 I| 1.28 rj(_ja 0 |
2 0.5 } 1.13 I:(,|°.5 !1.4.2 ]:_:,"".:! 1.0 IJr_r.u.u,y.‘ij ]|5"‘ ‘
. 3 1.0 [ 0.5 '.-‘9"".5!'3.01 141”.;'!- 0.8 ]_qf.)“',4i1.25 ]zzc_o|
| 4 0.5 i‘i_-'." I 1.13 {';“ !0_98 l3r‘;*"_7| I.24 |54"‘.3 EOJ)T.}['.’:OG,,%!
[ 5 | 1.0 |J,5," 0.8 [7° [1.105[66%7| T.0 [16%.4[1.56 [2°4 |

In order to write the

and denomimators dre

ciuations (10) and (110 the values of the nominators

computed according to the following scheme.

| case B:Z, Zra -+ BE, A (Zpa + BZy)
! i Fa [} ! L
. ol |
| 1 1.355 |!'m" = 0.678 - 1.175 444 4 J2.075 = 3.3 ]1'54"".1 343 |f.11"'_1 = 1.66 +j30 '
‘ 2 | 1.06 I_H"_q = 0,751 + ] 0.748 I.5I7 + § 2.548 = 2.00 |5=."'.: 3.08 |50'-" 2 = L.72 -+ fz2.50
| 3 | o847 |37°4 = 0675+ 1 0.515 1441 12315 = 2.73 I_a.‘%".: | 2.84 |55°.1 = 1.628 4- 7233 |
4 | 1.3T5 |35°.3 = 1.072 - J 0.76 1.838 12,56 = 3.15 |547.3 28 |517.3 = 2,055 1250 |
| 315 13573 72+ 7 0.7 38 4725 315 |54 5 , ,
| ) : \ . ] : B % B
[ 5 106 |1;'—‘.+ = 1.012 -+ ] 0.304 1.578 L j2.104 = 2.82 |5u .0 2.93 14; 9 = 1.07 4 j2.175
5 7 Z: "0l R
| case Y.Zra B+ Y, Zp, ‘ ta (B + Yo Zga)
I 1 o i 1.06 ll_’ | 2ot | 2%2 = 2,01 4 ] 0.077
I 2 1.532 |5[-.r_1 = 0,046 4 f 1,208 | 201 71.23 =235 |31°',5 | 4.46 [32%7 = 3.76 47242
y g | o CER ;
3 2,44 ]44’_3 = 1,95 -+ J 1.705 | 2,81 + 7 1.725 = 3.29 ’31%0 | 6.25 ]Ei: 5.25 +73.39
i 4 1.00 |87".: — 01 ) 100 |i 1.16-L j1.02 = 2.24 |5H'7'.H ] 435 |r’m"’.o = 2.13 -} 73.68
5 3.02 [60°3 =107 + 7283 | 2134 j2.85 =3.55[53"2 | 6.7 |54°4 = 3.02 + 7 5.48
— A2z, Zia + AZy Zpa(Zra+ AZy)
. ¥ o
i .33 |5670 = 0.744 + ] 1.102 | 2.044: 47 L.142 = 288 [23°4 561 |g0".3
2 1.0y ].;0' 0 = 0,780 4 7 0.681 | 2,686 4 jo.721 = 2,78 ’15 o 5,47 |81".g .
3 0.832 133"_4 = 0.605 -~ ) 06,450 2,505 - jo.4n0 = 2.64 'lo o 515 F??-.._bv
4 1.209 {_{1'.3 = L.102 -+ ] 067 ' 3.002 -+~ 70.71 = 308 |13".7, 6.0 [30"'.2 ‘
|
5 roy [13%4 = ro124-7 0.242 2,012 -+ jo.282 = 2,91 ls'*.ﬁ 5.66 [72°.4
case Zra(£Ra + BZ) A (ZMJ '?'Bsz] + £y (B4 Y"Zh-”)
1 0,26 'h_r,"',}, | 3:67 47 3.08 = 4.79 l.] 0.0
| 2 5.62 [60".4 | 548+ 498 =74 |42°3
3 5.19 [59°.3 6.88 + j5.72 = 8.95 [39':.3
4 5.98 [55°.5 J 4.1 4 16,24 = 7.5 |55‘>,1
5 5.35 ]53 I 559 4+ 77.66 = 9,65 Ij.”.".j l




The leakage in case 3. Lo mlofk, is choscn as the basic valie. The following
shunt line equations may then be developed by inserting the values from the
scheme above into the equations (1o) and (1),

Case 1

Ij.l_l 1 me 2

479 |_._'l“u'(J + G | 0.26 1h5"-3

I
Tpe —

2.01 |41".7 .‘i,ﬂg |EH

r
rp

508

I:J.j[:

= 0.260 I-i 15 4 G,
o348 In;‘,:
The figures to the right of the bracket after 7 refer to the trion shunt at
the relay end (above) resp. at the feed end (helow ).

Case 2

7.4[42%3 + G

a

[5.41 [81°9

I'yp 201 |41'-'_? TI_’»‘J’_%

10.4:7 Jz_-",:',ﬂ

Cloqaa| 4T

= 0.584 |t4".0 €+ G

Case 3:

a5 |778

b g o 53 _ .6 l°-5?5|33~;-0
Igp 5.05 l_’»%l‘.b l0.58 |19 =

Case 4:

) l().o IHO“._’

7:5|36%1 +C

Ipc 098 [30%7 "1 598 [557s

. L fe327 3504
=0.409 [11°3 + G, e
. |u.3_'0|10.;

Case: g1

Tri 1.105 |66°.7

F'rp  2.01 |41°.;: 8.05 |3n':'.-‘5

The shunt lines are shown in Fig, 13, where they are marked with figures
indicating the corresponding leakage case, the letters F (= feed endy and

R (=rclay end) referring to the location of the train shuat

It may be observed that the origins of the shunt lines arve so situated that they
may be circumseribed by an operating circle with diameter = 1 and ¢ = 90",
Therefore this value of ¢ is chosen in the following. See ahove section IV,
Ericsson Review No z/ig47.

In Fig. 13 are shown three operating circles A, B and € and three release
circles 17, E and H for different voltages.

The circles o and D apply to the lowest voltage values, 83 ¢, of the nominal
voltages. The circles B and E apply

when the local phase voltage and the
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12
2F
. 8 4
4
Fig. 13 X757 prack feed voltage both have mereased from 85 < to 100 9 of the nominal

Shunt lines for the feed end (F) and for
the relay end (R) at various leakages.
Operating and release circles for various
increases of voltage.
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vilues,

The diameters of these circles therefore are — 1,3?4 fimes i;n'_:rr

o.ng 0,585
than o vesp. [0 The cireles C and H apply to an increase of voltage from

859 to 115 % for both curvent sources. Thus the diameters are enlarged

LI\ 2 .
= 1.83 times,
0.85

Following shunt conductance values (in who) are read in Fig, 13.

by an voltage increase

of 09, from 55%, to 10", from 835", to 115",

- e : : : =
: operating | release  operating  release | operating | release

shunt value shuntvalue shunt value shuntvalue shuntvalue shunt value

R* | F* R¥| F* Re| F* R¥| F* R:|F* | B¢ P

1 205 | TiQ | 58| 45| 38| 3o | 8.2 | 68| 5i3 | g2oITd (103

2 1 0.0 3.3 3.2 2.0 1.5 5.0 5.0 3uoe| 2.8 700 740

3 8] 0 Ll | i | el | 07 | 2:9 0| T:5.| To4| 4.2 | 45

4 16| 17 4.0 48| 2.5 99 6.6 7.1 | 3.7 4.3 82|98

5 0.3 | 04| 19| 27| 09| 3, 3.00 4.3 1.6/ 2.3 4.3 64

*) K = train shunt at the relay end: F at the feed end



The largest release shunt conductance, 1.0 mho, 15 fownd by a voltage 15 9
above the nominal value in both current sources. At nominal vaoltage the largest
release shunt conductance is 8.2 mho and at 15 7% helow nominal voltage it s

5.8 mho, This shows the importance of a stable valtage.

Sinee p is determined to go” the required feed voltage F2 when the track is
unoccupted iy be computed  from ckve (G0 The case 30 gives, sinee

Tpe =072 A by nommal local phase voltage

E=1-201 |41%7-1.072-8095 |30 .8 13,7 V [817:5

When the local phase voltage is 859 of the nominal valoe J',,‘.r mu=t he

= times Targer, and £ must be iereased corvespondimgly, This will give
0.55 o )

the minimum value of the feed voltage = 16010 V. The nominal feed voltage

{ 1 > 2
will he - times the minmmun value
0,585

1 x
ar +I3:7 19 V.
0.85

The nomimal supply voltage = 220\, thus the step-up ratio of the track feed
transformer will he

220
= 11.O

19
The power demand at the largest real leakage (case 3) 1=
P=FE.-I cos {q-_;,_—r;:_,]

[ may be computed from the equation 1 the line preceding equ. (5) in section
LI, by making G =o.

I = CpCCRIR B + Y Zga + Yor (g, + BZy)|

The value of the expression inside the bracket 1= 3.37 'j()'.:‘i anid

I =1+201 |41°.7 1 .072-3:37 [30%.8 = 5.154A ]? 5

at normal local phase voltage. At 13 % lower local phase voltage T will be

times larger or 6.05 A, The power demand at minimum /2 and £, thus

0.585
will he

P = 16.1.6.05cos (81°.5—72.75) = a7.5~cos0 = qb.5 W
At nominal value of F the supplied power i=

}J
—='133'W
(0.55)°

P

oy —

From this it may clearly be seen that voltage variations have a very un-
favourable influence upon the power demand. For constant voliages 1t would
only amount to 70 W oor (0.85)" =353 % of the just computed value,

Ii the local phase is fed from the same supply as the track the local phase
current must be given such a phase shift that it lags the desired angle, ¢ = oo”,
behind the track phase current [/, when the leakage has the chosen hasic

“moan

value of case 3 and the track is unoccupied Above was computed [
=19.0 V [81%.5. Thus the relay current [, lags S1°.5 behind . According
to the data of the relay, the impedances of the local phase 2, = 1040 2 |74
ioe. the local phase current /. lags 747 behind the local phise voltage. Thus

a

I, lags 8175 —74° = 7°.5 behind [, instead of preceding it go®. Thus 7,

25



],Q P JL
Fig. 14 X 4541

Vector diagram

showing the directions but not the relalive size
of the e.m.f. of the commeon current supply £, E,
the track phase current Ig, the local phase cur-
rent | and the desired local phase current /'p

Fig. 15 X 4542
Vector diagram

of the local phase impedance Z;, the capacitive
reactance Z- and the resulting impedance Z Ze
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must be shifted ¢7°.5 further backwards until it forms an angle 74~ + 07 .5 =
= 171,55 AWith f:'),‘ This can he done by shifting the local phase terminals
and dnserting a series condenser with the impedance 72, the cirenit so
that the current precedes E, an angle 180" — 17175 =8"5. see Fig, 1y
The impedance of the local phase circuit Zy + Z . now shall have a phase

angle 17175 — 180” = — 875, see¢ Fig. 15, Out of this figure may be derived

Ze=2Zp sin 74° 4+ Z; cos 747 tg 8°.5 = 1.0-Z3 = 1040 L&

. 108 108 R
= = - = 3.00 b
wZc 314 1040 ¢
Ihe resulting impedance 2 + 2 = Z; cos 74 . = 288 and the
COs 87,5
i 288 ) o . )
voltage £y — —— . 220 = 61V, The local phase cireuit thus must be
1040
connected to the supply voltage through a transformer with the step-down
220
ratiy — 3.0,
G1

VIl. Shunt Line Equations for a Modified Arrangement of the
Track Circuit

The feed impedance is often inserted between the feed transtormer and the
track, as in Fig. 6. For this type of track cireutt following equations are
deduced for {75, 1, U7 and Z. For the other quantities the cquations given m

sectiom 11 are unaltered. For the tram shunt in the relay emd:

Uy = CCrlp[Zpa+ BZy+ Zr (B + YoZp) + G Zpa(Zy + 7))
=CrCCRrIR[AB + YoZp) -+ Yor (Zga -+ BZy) 4 G Zga (A 4 Yar Z3)]
E=U,=CrCCplIg [Zrat-BZi+Z1a(B+ Yo Zpa) + 05 Zpa (Zrat2Z1)] (12)

For the tram shunt in the feed end :

Uy, = CCrlg[Zpa+ BZy 4 Zy (B -+ Y Zg) 4 G Zp (Zpy -+ BZp)]
F = CrCCalp A B 4 YoZid) 4 Yor Ziu - BZi) 1 G AN Z s 4 BZD)
E=U, =CyCCrIp[Zpy+ B2+ 21 (B+ Y 2R+ G, Z1(Zra+ BZy)] (13)

For the wnoceupied track :

E=CrCCplp Zyp, 4 BZyp + Zyp (B 4+ Y Zg,)]

relay end
feed end

o fupper) -
I'he ll or I expressions i the shunt line equation refer to the
WL

Zpa(Zira + Z)
e € Zra(Zpy + BZL
= e (15

-'HII’HJ C Zf'.'-l = ‘”"’k =T qui b T }'{.Z:,',r.l

; zf\’.i D ]’)z.f o i qul (B 4 3r. Zh'.'i-1 5B (;\{

VIlI. The Shunt Line Equation for an Arbitrary Point on the Track

When computing a track circuit it is often necessary to know the required
shunt conductance in other points than the terminals. A train must he pro-
tected during the whole passage of the track circuit by a veleased track relay,

which light= the stop signal for the next approaching train. In deducing the
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J by 4] AV -

E Lkt

Fig. 16 X 6322

Modified track circuit arrangement with ):,;- o — — —
Zy connected between the track feed trans-

former and the track T

shunt line equation for an arbitrary pomt of the track we consider the track
circuit (ivided into two parts as o Fig, 170 O, Z,, Yop and €, Zp. Z,,
designate the line constants for the sections v oand v respectively, €7 s the
track valtage at the shunting point. /o and [ are the current values im-

mediately before amd after the shunting point.

For 7 and [ similar equations are valid as for 0y oand fooin Fig. 7 with

the train shunt i the feed end.

x

U, =C,Cplp(Zra+ BZy)

I, = CCplp(B 4 Y, Zgi)

When shunting at a point o km from the feed end, the tollowing equations
may he deduced:

Bl By B = B b (B Ve oy 16 [ B BF ]

;.‘.'_ (“\ (‘;-'I\ { Z-’.‘L‘:\} = (-‘. “--\- {-‘R‘JH izix’rf t BZ.’.‘\' A= Z-‘u {[’. == s‘ur'z,"\'.;) -+

_;‘ (;: Z.-’(.\ (Z fa I A’"‘Z!n )J
;: — {'-.t ("ra :‘" 3‘-_-: ”_\) = f-‘.n f\v I--.'\' ‘{!\'EH _:_ )---\- ZRd = }bul ‘:.ZR.; '%‘ ‘r"lz;'.-rl ==
+ Gy (Zf\'.l + BZ.-':\]
""'1_ Ci ({'rf_‘ + Z&'T‘,g! — (f t-‘\'CT_\'{ i "Fh' ._{Z.f\’u -+ ‘“7"| } {1 <4 ‘!--..\ Z.";f) —i—
(B 4+ Yoy Zra) (Zay + Zi7) + Go(ZRa + BZy)) 2y + Z31)]

P =Cpy+ Yor Uy = CrC 0 Cplp[(Zra + BZy,) (Yo, + Yor) +

P, 17 i YirZ G.(Z B V.57
. : + (B + Yo, Zgra) (1 + Yor Zi) + Go(Zpa + BLyy) (1 4 YorZyy)

Substitute circuit diagram for a frack cir- = oy &Ra) (1 =1 XoT Cir) TR ) - ks
u_m with the train shunt located at the E=U, 4271 =0CrC;C,CrIx (4 + YorZra) (Zis + BZy) +
distances x from the feed end and y from i
the relay end 4+ (B4 Yo Zp)(Zra + AZ1) + Go(Zpy + BZyy) (£7a + AZy,)  (16)
Cyi Zyyi Yo,  characteristic line constants for

the section x For the unoccupied track we get the connection between £ and [, out of
Cy Ziye Yoy  characleristic line constants for : - i '

the seciion y the équation (16) 11 we put (. =0
u, voltage between the rails at the

shunting point E=UC;C,CCrIpl(4 > Yo Zr) (Zna - BZyp) +
Lo 1y the current immediately before ; . ;

and after the shunting point — (B 4+ Y, Zid) Era Tt AL s o comieins wwme (17)

U,« U2 U)l' U3 Ue
J J? JX Jy Jj JQ
Z R
Z P4 Z
& kil Cx zkx }:;\x %GS C)‘ zk%‘ }69‘ e 5 O
Y. Y
ol T ’ , aR
TrT SR - y ——-——-{ TrR
| .
~ - -
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The shunt Ime equation for a point located 1 km from the feed end and v km
from the relay end is obtained as above in section 1. The track phase
current f for the assumed basic value of the leakage and unoceupied
track 1% :ll\n!nl by the track phase current f.,.,, for an arbitrary leakage and
shunted track.

I, 15 obtained from equation (17) and [}, from equ. (16).

RD

Inc CiG; (4 + YorZ1a) (Zga+ BZiy) + (B + Yoy Zra) (Z1a+ '!Zkf) +
I..F\‘ﬂ (-' ('1 ( ! + ‘nl’/f«t](/f\d - HZJ.]) + B+ }mz"m]{ziu“i_ Azh)

 GeZra+ BZi) Era + AZ0a) | e e (18)

[f the train shunt is located at the feed end v =0, v =35 C, = 1; ,=(;
Yoe==Epm=10; Yy= Yy and Zgy=2

IT these quantities are nserted, equ. (18) will change to equ. (11), as would

be expected.

Similarly, if the train shunt is located at the relay end ¥ =5, v = 0, €, =
Cp=1; Yo=Yy Zpe=23; Yo = Zipy=o0 and the eqir. (18) then will
change to equ. (10,

The equation (17) must be identical with equ. (6), as both give the relation
between 2 oand 1, for an unoccupied track. This may be proven as follows:

Insert moequ. (17
. . I . 1
Cy = cosh yx, C, = cosh Py, Yiw= 7 tghyy, Yoy = 7 tgh yy,

Zye = Ztgh pr and Z, — Z tgh yy.

K 4
CE=CrCplp l (.Al cosh px -+ —;—“ sinh }f.r)(ZR“ cosh pv 4 BZsinhyy) -

7. 5
B (H cosh py + ;" sinh b _\') (Zpgcoshpx 4 A Zsinh px)

= CrCglp I:(.-J Zpa + BZ4y) (cosh y 4 cosh py -+ sinh p sinh py) 4

Z Ra

( 1BZ |- Z T")(cosh y & sinh py -+ sinh px cosh py) ] =

= CyCgly [‘-‘f Zpa + BZy,)cosh [y (v 4+ 1)) +-

ZRaT
-l (.-I BZ 4 —-{“'7 ) sinh {9 (x + 1) r_] =

= CrCplpcoshys[AZp, + BZy, + ABZy 4+ ZpaZ1a Y| =

=CrCCrIR[A(Zpy ++ BZy) -+ Zya (B + YoZg,))
e, equ. (6)

As the right member of equ. (17) forms part of the right member of equ. (16)
it follows that equ. (16) may he written:

E=CrCrip[ClA(Zra + BZy) + Z7a(B + YoZra)| +
-+ Gsch)-{Z!\‘u Tt sz;'} (Z.Tn + "qzkx}] i winlaseie (1621}
Then eque (18) takes the following form:

Ire C { 4(7;‘.1—8/;) ~/mff+§..7,»u.) +6,C\Cy (Zpat+ BZyy) Zr1at »izk,}
Tep L A(Zga +BZy) +Zro(B+ Y, oZ pa)]

Fau. (18 a) resembles the equations (10) and (11) except for the factor for
G which differs in all three equations.



The centre of the track length constitutes a special ease, Here we have:

&L

=1
o

T T T
xr=y=— C; _—_-(J. _—L'n"iﬁh}-- = \ ’ £ \

. , 1 ' 1 Jeoshe's 1 1, 00—t @, &4
Yua = 1.cw == t;.{ll } T o \ e : 1 T —~ == X = +_ )
Z 3 £ cosh p's L £ C' 41 & C'+1

1 (G 1 ) c! ] oy L — o 1 ‘cosh? Ps—1
Z' \ &ax Bl 2 \ ! @ ZY cosh ‘}"5_ o
L G’ 1 — ’ "
— ——— «— {uhh ' = . .
(—) 1 Z T e
Similarly may be shown that
2 V4 L Z
hx “hy C i‘ 3 =k

If these expressions are inserted moequ. (18a) we obtaimn the shunt Jine
equation for the centre of the track length.
) 3 = €41 o
AZRa+BZ)A+Zra (B+ Y, Zpa)+ G+ — | Z€git=——BZ§ )
IRC 2L C 41
Ixp € A Zga + BZy) + Z1a (B + YoZga)

c’ e
- (Zrn + o zk)

So far shunt line equations have been deduced for track civenits built according
to the diagrams in Figs. 1 and 16, Using the basic equations (3) in section 11
shunt Tme equations for other types ol track circuits may he similarly deduced.
If the relay transformer is omitted, all formulas relating to Fig, 1 oare valud

it we write Z, =72, and B=1.

IX. The Application of the Shunt Line Equation for Analysis of
the Shunt Value for the Track Circuit in Fig. |

The shunt line equation provides a means of analytical treatment of several
problems such as the variation of the shunt value along the length of the
track, its dependence of the track length, its relation to the values of 7, and
Zpoand sooon. We will now treat a few of these problems but it must he
pointed out that hereby the possibilities of the shunt line equation arve far
irom exhausted.

The wartation of the shunt value along a svmmetrical traclk circuit
a) From the shunt line equations (1o) and (11) it follows that if

f Ta Zh‘.f

A B

the factors for & will be equal in both equations.

These equations will he identical, 1. ¢. the shunt values for the relay end and for

the feed end will be equal. 1:" i= the impedance of the 1elay transformer

; . Ly
with attached relay measured irom the track side, and =% i< the corresponding

mmpedance of the track feed transformer. [T these mmpedances are cqual, the
track cireurt is symmetrical and it is then self-evident that the shunt values
for hoth ends are equal. From the svmmetry it also follows, that the shunt
values for point equally distant from the centre of the track also will he equal.
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by The shunt line equation (18 i) applying to an arbitrary point situated on
the distances 1 and v from the feed resp. relay ends contains quantities depen-
dent on x and v only in the factor for (r.. Thus an investigation of the
virtation of the shunt value with the position of the shunting point may be

restricted to the factor for G . This factor we designate I

F = CJ C_'; (ZRa + BZ.I!.'J-) (Zra+ 4 Ziy) =

g P P ,
= C.CAB (J.“' 3 z;‘.) ( L z,“)
», B g \

A

When Z,, and 7, are matched to the characteristic impedance 27 of the line
at the time when the shunting occurs, e, if
Zra _ “ra
B A
then F = C,C, A B(Z' + Zp (2 + Ziy) =

= AB(Z)2coshp' v eosh p v (1 + tghyp'v) (1 + tghy'v) =
= A B(Z')? (cosh 9" v 4 sinh p'y) (cosh ' ¥ - sinh y'2) =
= A B(Z')}[cosh |y' (v + »)| + sinh |y' (v + ¥)|] =
= AB({Z')*C"(1 4 tghy's)

thus independent of v and .

If the feed impedance element and the relay impedance could be matched to
the line characteristic at the shunting moment, the shunt value would be
comstant along the whole length of the track as long as the leakage does not
change This shunt value, however, is dependent on the leakage =o that under
certain conditions the shunt conductance as a rule increases as the leakage
decreases, This s the case in the example above. (The conditions we allude
to mmply that the operating and release cireles are so chosen that ¢ neariy
cquals 907 11 an the example above ¢ = go” it would well be possible to draw
a release cirele so that, at least for real leakages, the circle cuts the shunt
limes oF amd 1/ at smaller shunt conductance values than the corresponding
vialues on the shunt lines 3F and 3/ In this case the shunt conductance would
deercase when the leakage decreases.) Actually, however, such a matching to
the line impedance cannot be permanently done, as it would require a frequent
shifting of the step-up ratios of the transformers,

ct IFrom the shunt line equations (18) following mteresting conclusion can
he drawn: I the leakage by some meins (for instance by inserting adjustable
resistances between the rails) is held constant and if the relay impedance Zg
and the track Teed mmpedance 2, are matched to the characteristic Tine impe-
dance for this constant leakage then the shunt value is not only constant along
the whole Tength of the track but also independent of the length of the track,
Thus the track circuit may be given any length, even infinite.

The prooi s as follows: Constant leakage implies that all guantities m the
cu. (18] which are marked with a prime sign are identical with corresponding
(uantities awithout this sign. Thus the equation (18) for constant leakages
transforms mto:

.YR(. (Zpa + l‘)zk\-) (Zra + AZyy) =
= —_1+Gs' e F—— - — — ——— —;——_—17
I!x‘.{) {"‘ T su,\ /v;r'.;) (£ ga =1 Bza’:y} -+ (B -+ }0}' me} (an =F & £ta)

Zf\'sl ZI': -
Insert —- = ;I'_‘ =
I'ie = e AB(Z 4+ Z tah ¥¥) (Z + Z tghpa) I
Igp S AB[(1+ tghyr) (Z+Z tghyy) + (1+ tgh yy) (Z+Z tghyr)]
2
=1 G, —

Lore.independent of s

! Deduced ina different way by Gall. See footnote page 35 1n Ericsson Review No 2 1947



The use of adjustable resistances for keeping the leakage constant is not =o
simple in practice, Probably one has to be contented with @ compromise, using
fixed resistances which Timit the mininunn leakage but, anfortunately, at the

same time inereasing the maximum leakage,

The question of resorting to such means of keeping the shunt value constant
or nearly constant along the track may arise in the case when light vehicles
with only a few shafts traffic the track, Brakmg combined with sanding of
the track may tmperil the contact between the wheels and the rails so that
the relay will operate. In such o case amd 90 the <hunt conductance value 1=
higher along the track than at ends, it may happen that the vehicle after
passing the sanded part of the ral sull would Bl to velease the relay until
arriving close to the end of the track cirewit, If, on the other hand, the shunt
conductance value s nearly constant along the track the relay would he

veleased again, as soon as the vehiele has passed the sanded portion.

For long trains with many shafts it is very improbable that all wheels would
be simualtancously msultated from the rails, Then the guestion of the variation
of the shunt value along the length of the track would he less important,

The possibility of building very long track cirenits may bring economic gains
on railways with large block distances, A condition for the solution of this
problem is, as above 1s said, that the leakage between the rails can be held
reasomahly constant,

d)y How does the shunt conductance value vary along the track circuit when
Zp and Zp are not matched to the prevailing characteristic line impedance 2
As above under h), only the factor for G, has to be examined.

Write:

Zis
ZRa _ p7' and
B P an

where p oand ¢ may be vectors. The factor for
F = CyCy(Zpa—+ BZy) (Z1a - AZ},) will then be
F=C,C,AB(Z')?(p + tghy'y) (¢ + tghy'x) =

= A B(Z')* (pcosh p'y + sinh p'y) (g cosh 9" v L sinh 3" x)
1)y If p=g=1, i c. when the end impedances are matched to the line
F = AB(Z')? (cosh ¢'s + smh y's)

thus independent of v and v, as under b)

2) I p=g< <
F >~ AB(Z')?sinh y'x sinh p'y

I I
but =smmh W sinh P = - cosh (g ) _—cc}%h {p — )

ba | -

1
oo F > AB(Z): [ cosh p's — — cosh " (v — 1)

but r—y =v—(§—n) = 21 —%

il B 24 B(Z')? [cosh y's — cosh ' (24 — )]
2
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For x =0, F=o0

1 .
For » = —, F== - 4 B(Z')2 (cosh Vs — 1l

For 2 =s; F=0
Thus with inereasing x, F will grow from zero to a largest vectorial valye

for = — and will then shrink to zera for © = 5.

|..|’-ﬂ

If o shunt line is drawn for every a-value, the scale divisions on these shunt lines
3 : s
will be smallest, approaching zevo, for the ends and largest for o =—. The slope
of the shunt lines will also vary, The intersections between the shunt lines and o
release cirele determine the requived shunt values. As the release circle may be
dreawn in an infinite number of ways, nothing very definite can be stated of the
variation of the shunt conductance value as a0 varies, except that this variation
is symmetrical about the centre (_1' = —b:) amd that it approaches infinity

at the ends (r=0; r=yg).

Generally speaking, one may say that if Z, and Z, are smller than 27 the
shunt conductance is larger at the ends than at points nearer the centre of
the track.

I p=g>>1

F > AB(Z")* pgcoshy’xcosh 'y

1
but cosh g cosh p = :Icosh (g + v + P cosh (p—p)

L

12
[P

AB(Z')? pqcosh p's <+ cosh ' (20 — 5)]

For v = o0, F= AB (Z')* pgcosh y's

h s
For & = f , Foe AB (Z';E pq (ﬁl}'_‘ A _:_)

For v =5, F= AB(Z')* pgq cosh 's

When a inereases from zevo, £ will deerense until o= — and will then -

b %

crease again, The length of the divisions of the shunt lines thus will be
smaller as the train shunt approaches the middle point and the slope will vary
at the same time.

For the same reasons as above nothing very definite can he said about the
variation of (/1 as o varies, but in practice the required shunt conductance
value generally will he smaller at the ends than along the track,

Sunminmiing up, we may state the following as regards the practical cases:

High end impedances require more effective shunting along the track than at
the ends, low end impedances require more effective shunting at the ends thao
alomg the track and end impedances matched to the characteristic line impe-

dance require the same shunt value along the whole lTength of the track,

X. Low- or high-ohmic Relay?
For a normal track cireuit, where no adjustment 1z done for ieakage variations
tas under TN b)) and where these are not counteracted (as under IX c)) the

variation of the shunt conductance value along the track will depend on the



leakage, as the relay and feed impedances, which are constant, will equal the
characteristic line impedance only at a certain leakage value, Assume that the
enid mmpedances are matched to the hne at a mean value of the leakage, When
the leakage is large, the characteristic line impedance is low, and then the
end tmpedances will be higher than the characteristic line impedance. When
the leakage 1s small, the opposite will he the case. Such a track cirenit would
not be very suitable, because when the leakage is large it will he more diffienlt
to release the relay along the track than at the ends, (Sce under TN dy), For
practical reasons a measurement of the shunt value is done at the ends, and
such a measurement will then give a false impression of the safe functioning
of the relay.

In order to assure as sale a velease of the relay i the middle of the track
as at the ends, the relay and the feed impedaice onght to be matched to the
characteristic line tmpedance at the highest occuring leakage. Thus the relay
and fecd tmpedance clement ought to be loco-olunic, . e, the velay transformer,
il such o one s used, should transiorm the relay impedance o a low value.

The same applies to the feed transformer?,

Agamst this may be argued that the shunt conductance value will be larger
for low than for high impedances, @ e, that 1t will be easier to release the
relay in the latter case. It must be observed, however, that this chiefly holds
true for shunting at the ends but not along the track. For long track cireuits
and large leakages the shunt value along the track will even be independent
of the relay and track feed impedances but will be determined by the characte-
ristic Iime impedance. 1f we presume that the leakage equals the reference value,
the shunt line equation (18a) for an arbitrary point will take the form

Ire _ | 4t o  (Zra+ BZy) (210 + AZ4) B
Irp ’ (4 4 YouZra) (ZRa + Bzh-) -+ (B + YopZga) (Zra+ 4 Zia)
1 4G I
—— ~ 5 —_— —_— -
2y 2y,
4+ ZE tgh yx B+ —Z—‘ tehy y

I
- Gl — = == -
B S + Zratghyy BZ 4 Zg,tghyy

AZtghyx+ 2y, ' BZtghyy -+ Zg,

For inereasing values of v and v the terminals of the vectars tghya and tghyy
will describe a spiral line approaching the value 1. (In the example above, in
section VI we had for a length of 2 km a value tghyy=1.0 [ln"".li.I This
vidue gives

I(‘Jr ~ I

= =14 G+ + ——— =1 - G,

Igp AL+ Zy,  BZ 4 Zpg,

AZ L Zry  BZ 4 Zg,

(R R

thus independent of 2, and 2, .
i Tu

In one end of the track, for instance the relay end, where v =0 and v = 5,
the shunt lIme equation will take the form;

Lae [P !
N T Zratghys | BZ

AZ tgh }15—l|—Z; Z Ra

Igp

which for teh ys =1 transforms into

L pe 1
}_i(-' = -i— G‘ A 7)’7
kD I JI— : i
Zra

! This rule has not been obeved in the premises for the numenal example under V1.
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The factor for (s, increases with increasine Z!‘- and Dwally approaches 7,
= L1} -

Thus an increase of the relay impedance will only benelit the relay end,
The same can be proved for the feed end,

For track circuits of shorter length than those now investigated or for the
case that the leakage is varyving, the matters are not quite <o simple to aceount
for mathematically, 2, and 2, then will not disappear from the shunt
line equation, and the required shunt value along the track will depend on
these impedances. The tendency of the characteristic Tine impedance to dominate
i the expression for the shunt value remains, however, and will he more

promounced the larger the leakage or the longer the track civcuit is,

B. Alternating Current Track Circuits with Single-phase
Relays

In the single-phase (single element) velay only one magnet flux is produced,
This flux 1s then split into two parts, differing as to time and space. These
part fluxes induee currents in oo movable conductor and the action of the
fluxes on these currents will eause the conductor to move, So far there is
a similarity to the two phase (two-element) relay, but the relay is none the
less o single-phase relay, as both part fluxes are produced by one and the
same winding, A two-phase relay may be connected sooas to work as a single-
phase relay, for mstance by connecting a condenser m series with one phase
winding and then connecting this series circmit parallel with the other phase

winding to two terminals,

Characteristic for the single-phase relay and the two-phase velay wired as
a single-phase relay s that the operating current 1= smglesvalued as s also
the release current. Thus the ratio between these currents is single-valued,
The operating and release cireles are concentric with their centres in the origin
as already was mentioned, see Fig, 50 The lack of frequency selectivity limits
the use of the single-phase relay to circuits where no disturbing currents
appear, Thus as a track relay it may be emploved only at aot electrified rail-

roads and where the danger of stray alternating currents 1= non-existent,

As the shunt line equations given above under A are ndependent of the velay
type. they may be applied unaltered to single-phase trick civenits. The coni-
putation of the shunt conductance value is done as under A hy finding the
mtersection hetween the shunt line and the respective circle,

Voltage variations affect the circle diagram only to that extent, that correction
has to be made Tor variations in the track feed voltage . Thus the voltage
variations do not influence the <hunt values and the power demand as much
as in two-phase track cirenits, where al=o the variations in the local phase
voltage influence these quantities,

C. Direct Current Track Circuits

Here matters will be still more simplified, as all phase angles disappear, & &
all currents and voltages are in phase and all impedances and admittances turn
into resistances and conductances, As no transformers appear, the ratios A
and B owill equal 1. 7, will be exchanged by the relay resistance Ry, and Zy,
hy the track feed resistance /.

The shunt lines will run along the real axis and thus there is no need for
e el ‘;A';:: .
Thus the shunt conductance will be ealeulated directly from the shunt lne

drawing a diagram. The ratio hetween [ is real ond equals f

equations. given under A with the abave mentioned simplifications inserted.

Direct currvent track cireuits have earlier heen computated by other authors
anid thus there is no need of further treatment of this subjeei here.



